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Abstract
A mechanism to generate realistic fermion mass hierarchies based on supersymmetric gauged
U(1)F symmetry in flat five-dimensional (5D) spacetime is proposed. The fifth dimension is com-
pactified on S1/Z2 orbifold. The U(1)F gauge filed and the standard model fermions charged under
the extra abelian symmetry along with their superpartners live in the 5D bulk. Bulk masses of
fermions are generated by the vacuum expectation value of N = 2 superpartner of U(1)F gauge
field, and they are proportional to U(1)F charges of respective fermions. This decides localization
of fermions in the extra dimension, which in turn gives rise to exponentially suppressed Yukawa
couplings in the effective 4D theory. Anomaly cancellation puts stringent constraints on the allowed
U(1)F charges which leads to correlations between the masses of quarks and leptons. We perform
an extensive numerical scan and obtain several solutions for anomaly-free U(1)F , which describe
the observed pattern of fermion masses and mixing with all the fundamental parameters of order
unity. It is found that the possible existence of SM singlet neutrinos substantially improves the
spectrum of solutions by offering more freedom in choosing U(1)F charges. The model predicts
Z ′ boson mediating flavour violating interactions in both the quark and lepton sectors with the
couplings which can be explicitly determined from the Yukawa couplings.
∗ kmpatel@prl.res.in
1
ar
X
iv
:2
00
9.
00
24
8v
1 
 [h
ep
-p
h]
  1
 Se
p 2
02
0
I. INTRODUCTION
The noteworthy features of the observed pattern of fermion masses and mixings are:
(a) the charged fermion masses range over six orders of magnitude, (b) inter-generational
hierarchy in the up-type quarks is much stronger than that in the down-type quarks or
the charged leptons, (c) neutrinos are mildly hierarchical, (d) the quark mixing angles are
hierarchical and small while (e) the lepton mixing angles are of O(1), see Table I for example.
The Standard Model (SM) extended with the seesaw mechanism for neutrino masses can
accommodate all these empirical observations, but it does not provide any rational and
coherent understanding of the above features. This constitutes the so-called flavour puzzle,
and many theories have been put forward to address it, see for example [1] for an overview
of the subject.
One of the simplest and earliest proposals to address fermion mass hierarchy is the
Froggatt-Neilsen (FN) mechanism [2]. Fermions of different generations have different
charges under a global U(1) symmetry, breaking of which induces power-suppressed cou-
plings in the effective theory [3, 4]. The underlying U(1) symmetry can also be gauged,
however, the set of FN charges required for realistic fermion mass spectrum in these mod-
els leads to anomalies and additional fields and/or new mechanisms are required to cancel
them [5–11]. Alternatively, models based on extra spatial dimension(s) can also give rise
to exponentially suppressed effective couplings by appropriate localisation of the fermions
of different generations in the extra dimension [12–14]. The features (a) and (d) mentioned
above can naturally be realised in these models without relying on any arbitrarily small
or large dimensionless parameters. There exists freedom to choose the FN charges or the
bulk mass parameters for different species of fermions in these models which can be used
to accommodate the remaining features (b), (c) and (e). More predictive frameworks can
be obtained by implementing these mechanisms in the unified models [15, 16] which pro-
vide partial or complete unification of the quarks and leptons of a given generation. These
constructions provide a platform to understand all the features listed above because of the
correlations among the FN charges or bulk masses of various fermions. Several models
exploiting this or similar mechanisms have been studied, see for example [17–26].
In this paper, we propose a framework in which the bulk masses of various quarks and
leptons arise in a specific way governed by an extra gauged U(1)F symmetry. The framework
is based on supersymmetric abelian gauge theory in five spacetime dimensions (5D) with
extra dimension compactified on orbifold S1/Z2. The SM gauge symmetry lives on one
of two four-dimensional branes while U(1)F gauge field and the SM fermions along with
their superpartners can propagate in the extra dimension. The supersymmetry (SUSY)
and gauge invariance allow only gauge interactions in bulk. A vacuum expectation value
(VEV) of N = 2 superpartner of the U(1)F vector multiplet generates bulk masses for
various fermions proportional to their U(1)F charges which decide the adequate strength
of their couplings with the Higgs localised on the SM brane. More importantly, the U(1)F
charges of various fermions are constrained from the requirement of anomaly-free 5D theory.
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mu/mt = 7.22× 10−6 mc/mt = 3.52× 10−3 mt = 137.4 GeV
md/mb = 9.99× 10−4 ms/mb = 1.98× 10−2 mb = 2.13 GeV
me/mτ = 2.79× 10−4 mµ/mτ = 5.88× 10−2 mτ = 1.80 GeV
mν1/mν3 ∈ [0, 1] mν2/mν3 ∈ [0.17, 1] mν3 ∈ [0.05, 0.1] eV
θq12 = 0.2274 θ
q
23 = 0.04364 θ
q
13 = 0.00377
θl12 = 0.5558 θ
l
23 = 0.7788 θ
l
13 = 0.1487
TABLE I. Quark and lepton masses and mixing angles at 10 TeV. The charged fermion masses
and quark mixing angles are taken from [27] while neutrino masses and lepton mixing angles are
derived from [28] assuming normal ordering in the neutrino masses.
Anomaly cancellation gives rise to inter-generational as well as inter-species correlations
between the U(1)F charges of various fermions and predicts relations between the hierarchies
of quarks and leptons. By analysing these correlations analytically and numerically, we give
an example set of U(1)F charges and discuss their viability in explaining the features (a) to
(e) listed above.
We discuss the basic construction of supersymmetric U(1) on 5D orbifold in the next
section. The effective SM Yukawa couplings obtained from full 5D theory is discussed in
section III. In section IV, we analytically discuss some examples of the anomaly-free choice
of U(1)F charges and their consequences on fermion mass hierarchies. A comprehensive
numerical search for realistic flavour spectrum has been performed, and relevant results are
given in section V. In section VI, we discuss some phenomenological implications of the
underlying framework and summarize in section VII. We also give an explicit solution in
Appendix A.
II. SUPERSYMMETRIC U(1) ON S1/Z2
We briefly review N = 1 supersymmetric abelian gauge theory constructed in five-
dimensional flat spacetime [29]. The extra dimension is compactified on S1/Z2. It is conve-
nient to discuss the spectrum and interactions of this theory in terms of N = 2 superspace
formalism [30]. In this language, a 5D N = 1 vector multiplet can be decomposed into a
chiral superfield χ and a vector superfield V . Similarly, a 5D N = 1 hypermultiplet contains
a pair of 4D N = 1 chiral superfields, F and F c. All the superfields are periodic under
y → y + 2piR where y denotes the coordinate of the fifth dimension, and R is the radius of
S1. Under Z2 parity, χ(x
µ,−y) = −χ(xµ, y) and F c(xµ,−y) = −F c(xµ, y) while the other
fields are assumed to remain even. The gauge and SUSY invariant 5D action involving vector
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and hyper multiplets can be written in terms of the decomposed superfields as [30, 31]
S5 =
∫ piR
0
dy
∫
d4x
[
1
4
∫
(d2θ WαWα + h.c.) +
∫
d4θ
(
∂yV − 1√
2
(χ+ χ)
)2
+
∫
d4θ
(Fe2g5qVF + F ce−2g5qVF c)+ (∫ d2θF c (∂y −√2g5qχ)F + h.c.)] . (1)
Here, g5 is the U(1) gauge coupling constant, q is U(1) charge of chiral multiplet F and
Wα is a the field strength. In a more general construction, it is also possible to introduce
a y dependent kink mass term, m(y) = m sgn(y), for F , F c and/or similar Z2 odd Fayet-
Iliopoulos term [32, 33] for the U(1) gauge field in Eq. (1). However, we do not consider
these terms in the present work. Their vanishing value is protected by Z2 parity. With
this, the theory described by S5 contains only the gauge interaction characterised by single
parameter g5.
The 4D spectrum of the theory can be obtained by minimizing the variation of S5 and
using Kaluza-Klein (KK) expansion of the bulk superfields. The boundary conditions im-
posed by Z2 parity allow existence of massless modes for only V and F on the fixed points.
In this way, the compactification breaks N = 2 SUSY down to N = 1 in the 4D theory. If
the scalar component of χ acquires a vacuum expectation value (VEV), it generates kink
mass term for F , F c. Explicitly, using the KK expansion F(xµ, y) = ∑n Fn(xµ)fn(y),
F c(xµ, y) = ∑n F cn(xµ)f cn(y) and the matching condition∫ piR
0
dy
∫
d4x
∫
d2θF c
(
∂y −
√
2g5qχ
)
F =
∫
d4x
∫
d2θ
∑
n
mn F
c
nFn (2)
one finds following equations for the profile functions:
(∂y −m) fn(y) = mn f cn(y) , (∂y +m) f cn(y) = −mn fn(y) , (3)
where m ≡ √2g5q〈χ〉 and mn are masses of the 4D modes of chiral superfields. The above
equations along with the normalization condition∫ piR
0
dy fn(y) fm(y) = δmn , (4)
give rise to the following wavefunction profile for the massless mode F0:
f0(y) =
√
2m
e2mpiR − 1 e
my . (5)
As a result, the massless mode can be localised on y = 0 brane for m < 0 and on y = piR
brane for m > 0. For m = 0, the profile is constant in the fifth dimension. This result
is the most relevant feature of the underlying framework which will be used to generate
hierarchical couplings for the SM fermions. There also exists a massless mode of the vector
superfield V with a flat wave-function given by (piR)−1/2. The effective 4D gauge coupling
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of U(1) is thus given by g4 = g5/
√
piR. The other KK modes of vector and various chiral
superfields are massive and heavier than the compactification scale R−1.
Anomaly of U(1) gauge theory compactified on S1/Z2 is discussed in [33–35]. In the
absence of hypermultiplet, the theory is anomaly-free as the chiral superfield χ is chargeless
under U(1). Computation of anomaly in the presence of hypermultiplets charged under U(1)
implies [34]
∂MJ
M =
1
2
(δ(y) + δ(y − piR)) Q , (6)
where JM is 5D current and
Q = g
2
4
16pi2
tr q F · F˜ (7)
is the usual 4D chiral anomaly of Dirac fermions interacting with gauge potential. Conse-
quently, the anomaly of the full theory is completely localised on the fixed points, and it
does not depend on the details of the bulk parameters. Therefore, it is sufficient to eliminate
the anomaly of the 4D effective theory in order to ensure anomaly-free 5D theory. More
specifically, if the theory contains a set of 5D N = 1 hypermultiplets, all it is required to
cancel the anomaly is that the n = 0 modes of F constitute an anomaly-free content of the
effective 4D theory. This gives rise to an important constraint on the massless spectrum of
the theory and on the choice of U(1) charges.
III. STANDARD MODEL YUKAWA COUPLINGS FROM U(1)F
We now implement the above framework in the standard model. The SM gauge group
is extended to include U(1)F as an additional gauged flavour symmetry. We assume that
only U(1)F gauge field, the SM fermions charged under U(1)F and their superpartners can
propagate in the fifth dimension while the other SM fields live on one of the 4D fixed points
which we choose as y = 0. Orbifold compactification leaves N = 1 supersymmetry unbroken
on the fixed points, and therefore we discuss the 4D effective theory in the formalism of the
Minimal Supersymmetric Standard Model (MSSM). The remaining SUSY in 4D theory can
be broken softly in a usual way [36].
Following the discussion in the previous section, the 5D hypermultiplet can be gen-
eralised to include three generations of quarks and leptons superfields such that F =
Qi,U ci ,Dci ,Li, Eci , with i = 1, 2, 3. The MSSM Higgs superfields Hu, Hd live on the SM
(y = 0) brane. The 5D superpotential characterizing Yukawa interactions in the underlying
framework can be written as
W5D =
δ(y)
Λ
(
(Yu)ij Qi U cj Hu + (Yd)ij QiDcj Hd + (Ye)ij Li Ecj Hd
)
, (8)
where Λ is a cut-off scale and Yu,d,e are matrices consist of dimensionless couplings of ap-
proximately similar magnitude. Note that these couplings do not respect U(1)F symmetry
in general. They can arise from the VEVs of flavon fields which break U(1)F symmetry on
y = 0 brane. The MSSM matter spectrum arise from the zero modes of various superfields
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in F . Performing KK expansion and integrating over fifth dimension, the above W5D results
into the following effective 4D superpotential involving the massless modes of quark and
lepton superfields:
W4D = (Yu)ij Qi U
c
j Hu + (Yd)ij QiD
c
j Hd + (Ye)ij LiE
c
j Hd + ... , (9)
where ellipses denote interactions involving massive KK modes. Using KK expansions and
Eq. (5), the Yukawa coupling matrices Yu,d,e can be obtained by matching W5D and W4D as
Yu =
Mc
Λ
ξQ Yu ξUc , Yd = Mc
Λ
ξQ Yd ξDc , Ye = Mc
Λ
ξL Ye ξEc , (10)
where Mc = (piR)
−1 is compactification scale. The 3 × 3 diagonal matrices ξF , for F =
Q,U c, Dc, L, Ec, have ith diagonal element
ξFi =
√
2cXFi
e2cXFi − 1 , (11)
where XFi is U(1)F charge of Fi and c =
√
2g5〈χ〉piR is a dimensionless parameter.
For neutrino masses, we assume a Weinberg operator in W5D which, upon compactifica-
tion, results into the following effective operator in 4D:
W4D ⊃ 1
Λ′
(Yν)ij Li Lj HuHu , (12)
where Λ′ characterizes lepton number violation scale and
Yν =
Mc
Λ
ξL Yν ξL . (13)
Here, Yν is also 3 × 3 matrix with elements of a similar magnitude and they break U(1)F
in general. It is also straight-forward to implement type-I seesaw mechanism as an origin
of the Weinberg operator within this framework. However, our discussion on the flavour
spectrum does not crucially depend on such detail.
It can be seen from Eqs. (10, 11,13) that the hierarchical mass spectrum of quarks and
leptons can be explained using the appropriate choice of their U(1)F charges and all the
fundamental parameters of O(1). For example, a choice of charges
XF1 > XF2 > 0 ≥ XF3 (14)
with c > 0 localizes the first and second generation fermions away from y = 0 brane. This
arrangement leads to small masses of the first two generation fermions in comparison to that
of the third generation which is localised on the SM brane. The stronger hierarchy in the
up-type quark masses and feeble hierarchy in neutrino masses compared to the moderately
hierarchical charged leptons and down-type quarks can be obtained using suitable choices
for respective XF . However, the requirement of anomaly cancellation severely restricts such
possibilities and imply only specific choices for various XF .
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IV. ANOMALY CANCELLATION AND CORRELATIONS AMONG FERMION
MASS HIERARCHIES
As discussed in section II, it is sufficient for an anomaly-free U(1)F 5D theory to have
vanishing anomalies on the 4D fixed points. This in turn restricts the choices for the U(1)F
charges XFi of the superfields F = Q,U
c, Dc, L, Ec, N c where we also include three genera-
tions of the SM singlet neutrinos in the fermion spectrum. The anomaly cancellation (AC)
requirement with one U(1) is comprised of six independent conditions. We reproduce them
here in our notation for convenience. The SU(3)2×U(1)F , SU(2)2×U(1)F , U(1)2Y ×U(1)F ,
U(1)Y × U(1)2F , U(1)3F and the gauge-gravity anomaly conditions are respectively given by
3∑
i=1
(
2XQi +XUci +XDci
)
= 0 , (15)
3∑
i=1
(3XQi +XLi) = 0 , (16)
3∑
i=1
(
XQi + 3XLi + 8XUci + 2XDci + 6XEci
)
= 0 , (17)
3∑
i=1
(
X2Qi −X2Li − 2X2Uci +X
2
Dci
+X2Eci
)
= 0 , (18)
3∑
i=1
(
6X3Qi + 2X
3
Li
+ 3X3Uci + 3X
3
Dci
+X3Eci +X
3
Nci
)
= 0 , (19)
3∑
i=1
(
6XQi + 2XLi + 3XUci + 3XDci +XEci +XNci
)
= 0 . (20)
The RH neutrinos, being the SM gauge singlets, contribute only in the anomalies corre-
sponding to U(1)3F and gauge-gravity. We now discuss the correlations among the fermion
mass hierarchies as implied by AC in some of the very simplest scenarios.
A. Without RH neutrinos
We first assume that either RH neutrinos do not exist or they are singlet under U(1)F ,
hence XNi = 0. AC conditions involving one U(1)F in the triangle diagrams get satisfied if
trXF = 0 , (21)
for all F = Q,U c, Dc, L, Ec. In addition, the U(1)3F anomaly can be eliminated if
trX3F = 0 . (22)
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Non-trivial solutions of Eqs. (21,22) are given by
XF = qF (1, 0,−1) , (23)
with qF > 0 following the convention, Eq (14). The remaining AC condition, Eq. (18), then
can be fulfilled using one of the following identities:
(i) XQ = XUc = XDc = XL = XEc ,
(ii) XQ = XL and XUc = XDc = XEc ,
(iii) XQ = XUc = XDc and XL = XEc ,
(iv) XQ = XUc = XEc and XL = XDc . (24)
It is straightforward from Eqs. (10,11) that the first two of the above lead to universal
Yf for f = u, d, e and hence identities (i, ii) do not provide realistic description of charged
fermion mass hierarchies. Choice (iii) would imply Yu ∼ Yd and Ye ∼ Yν which is also not
in agreement with the observed masses and mixing.
The relation (iv) imposed by AC is similar to the one obtained in SU(5) GUT [15]. In
this case, qQ = qUc = qDc ≡ q10, qL = qDc ≡ q5¯ with q10 > q5¯ may lead to characteristic
features of the quark and lepton masses and mixing angles. Indeed, it has been observed
long before that implementation of Froggatt-Neilsen mechanism in SU(5) model lead to a
realistic description of the fermion masses [17, 19, 20]. However, in these models one can
choose six independent FN charges for three generations of 10 and 5¯ if the U(1)FN is global.
In our framework, the AC requirement effectively predict all these six charges in terms of
just three parameters: c, q10 and q5¯. We show in the next section that while this restriction
gives a good understanding of the quark and lepton hierarchies at the leading order, it is
not very successful in addressing the detailed quantitative aspects of the observed flavour
spectrum. The major limitation comes from the fact that the charges XF = qF (1, 0,−1)
imply flat profile for the second generation fermions in the fifth dimension. This makes it
difficult to explain the hierarchies in masses of the second and third generation fermions.
In order to make all three generations of fermions charged under U(1)F in an anomaly-
free way, at least one of the two conditions in Eqs. (21,22) must be relaxed. Assuming
that Eq. (22) does not hold for all F , one finds from Eq. (19) that at least one of the
trX3F must be negative. Fulfilment of AC conditions, Eqs. (19,18), would require specific
combinations of inter-generation as well as inter-species U(1)F charges. In this case, the
quark lepton correlations are more complicated and difficult to categorize in an analytical
way. It, therefore, requires a systematic numerical analysis of such possibilities for their
potential in explaining the flavour hierarchies.
B. With RH neutrinos
Although the RH neutrinos directly do not contribute in the fermion mass hierarchies
obtained from Eqs. (10,13), their presence helps in modifying the AC conditions and enlarg-
ing the spectrum of the solutions. For example, one finds a class of solutions characterised
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by an integer m and
trXQ = trXUc = trXEc = m, trXL = trXDc = −3m, trXNc = 5m. (25)
The above choice satisfy all the AC conditions linear in U(1)F . It follows from the fact
that the SU(5) representations, {Q,U c, Ec} ∈ 10, {L,Dc} ∈ 5¯ and N c = 1, with respective
U(1)X charges 1, −3 and 5, can be embedded in an anomaly-free chiral representation
of SO(10) [16] which contains SU(5) × U(1)X as its subgroup. Further, imposing SU(5)
compatible condition (iv) from Eq. (24) and trX3F = trXF , one can eliminate the remaining
U(1)Y × U(1)2F and U(1)3F anomalies, respectively. Similarly, another choice
trXQ = trXDc = trXNc = m
′ , trXL = trXUc = −3m′ , trXEc = 5m′ . (26)
with integer m′ also cancels anomalies involving single U(1)F . The above example follows
from embedding of flipped SU(5) [37] and U(1)X in SO(10). Eqs. (25,26) represent specific
examples of more general class of conditions which reduces to Eq. (21) in case of the U(1)F
singlet RH neutrinos. Therefore, the presence of RH neutrinos allows more freedom for
anomaly cancellation in the bottom-up approaches.
Several simplified examples with/without RH neutrinos discussed in this section are suf-
ficient to eliminate anomalies. However, it is possible that more complex solutions may
exist which cannot be described by the above simplified examples. Such possibilities may
imply more subtle correlations among the quark and lepton masses and mixing angles, and
it would be worth to investigate them for their ability in explaining the observed flavour
spectrum. Therefore, we perform a systematic scan of such possibilities in the next section.
V. NUMERICAL SEARCH AND RESULTS
We now perform a numerical scan over anomaly-free U(1)F charges to investigate their
ability to explain the quantitative aspects of the observed hierarchies in the quark and lepton
masses and mixings. The system of AC conditions listed in the previous section has been
solved following a Diophantine analysis in [38]. The authors of [38] provide a computational
algorithm and programme which can lists all possible set of integer U(1)F charges that can be
assigned to the SM fermions and three generations of the RH neutrinos given the maximum
absolute charge |Xmax|. Using this, solutions obtained for only SM fermions for |Xmax| ≤ 10
and for the SM fermions along with RH neutrinos for |Xmax| ≤ 6 are provided1 in [38].
For the given |Xmax| the number of non-trivial inequivalent solutions with and without RH
neutrinos are listed in Table II.
We determine the compatibility of each of the solutions for U(1)F charges with fermion
hierarchies in the following way. As it is assumed, the quark and lepton mass hierarchies
mainly arise from the elements of ξF matrices and the effects of stochastic parameters in
1 In case of the latter, the authors also list solutions for 7 ≤ |Xmax| ≤ 10 in the updated version, see Erratum
of [38]. However, we do not use these solutions as we alredy get several viable results for |Xmax| ≤ 6.
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|Xmax| 1 2 3 4 5 6 7 8 9 10
SM 7 21 81 250 625 1982 3901 7067 14353 23799
SM + N c 37 357 4115 24551 111151 435304 - - - -
TABLE II. Number of non-trivial distinct solutions for the anomaly-free U(1)F charges of the
SM fermions for |Xmax| ≤ 10, and for SM fermions with three generations of RH neutrinos for
|Xmax| ≤ 6 as obtained in [38].
Yu,d,e,ν can be of O(1) at most. The physical Yukawa couplings are, therefore, approximated
from Eqs. (10,13) as
yui '
Mc
Λ
ξQiξUci , ydi '
Mc
Λ
ξQiξDci , yei '
Mc
Λ
ξLiξEci , yνi '
Mc
Λ
ξ2Li . (27)
Similarly the mixing angles in the quark and lepton sector are estimated by
θqij '
ξQi
ξQj
, θlij '
ξLi
ξLj
. (28)
Subsequently, we define a χ2 function
χ2 =
∑
a
(
lnOa − ln O¯a
 ln O¯a
)2
(29)
where Oa, a = 1, 2, ..., 14 are observable quantities in the flavour sector which include six
charged fermion mass ratios and six mixing angles as given in Table I along with mass
rations mb/mτ and mν2/mν3 . O¯a are the corresponding observed values as also listed in
Table I. For the charged fermion mass ratio, we take  = 0.1 while for the mixing angles
and neutrino mass ratio we take  = 0.5 as the latter are more sensitive to O(1) parameters.
Note that the above χ2 does not quantify the absolute deviation of theoretical predictions
from the actual experimental data as the exact determination of the observables depends on
O(1) parameters which are not specified yet. It rather provides a measure for a comparative
analysis using which the compatibility of various allowed XF can be quantified. It can be
seen that Oa, estimated using Eqs. (27,28), do not depend on Mc/Λ. The χ
2 is therefore a
function of only parameter c for the given charges XF and hence the degree of freedom is
n = 14− 1 = 13.
For each set of anomaly-free U(1)F charges of the SM fermions with/without RH neutrinos
from [38], we determine the parameter c by minimizing χ2. At the minimum, one can
approximate order of tan β ≡ 〈Hu〉〈Hd〉 from the obtained values of yb, yt and a relation
tan β ' O(1) yb
yt
mt
mb
. (30)
We consider only fits which give tan β < 100. The results of χ2 minimization are displayed
in Table III (IV) for the case without (with) three generations of RH neutrinos. We
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|Xmax| χ2min/n c XQ XUc XDc XL XEc
1 12.12 6.462 (1,0,-1) (1,0,-1) (0,0,0) (0,0,0) (1,0,-1)
2 8.96 2.855 (1,1,-2) (2,-1,-1) (2,-1,-1) (1,0,-1) (1,0,-1)
3 6.46 2.158 (1,1,-2) (3,-1,-2) (1,1,-2) (1,0,-1) (3,0,-3)
4 4.04 1.828 (2,1,-3) (4,-1,-3) (2,0,-2) (1,0,-1) (4,0,-4)
9 2.29 0.962 (4,3,-7) (9,-4,-5) (4,-1,-3) (1,0,-1) (8,1,-9)
TABLE III. The best fit solution for each |Xmax| ≤ 10 in the case without RH neutrinos. For
|Xmax| = 5, 6, 7, 8 and 10, no new better solution is found.
|Xmax| χ2min/n c XQ XUc XDc XL XEc XNc
1 12.12 6.462 (1,0,-1) (1,0,-1) (0,0,0) (0,0,0) (1,0,-1) (0,0,0)
2 5.34 3.765 (1,1,-1) (1,-1,-1) (1,-1,-1) (0,-1,-2) (2,1,0) (2,1,0)
3 1.51 2.527 (2,1,-2) (3,1,-2) (0,-1,-3) (0,-1,-2) (2,1,-3) (3,3,0)
5 0.7 2.343 (2,1,-2) (2,1,-3) (1,0,-3) (0,-1,-2) (3,1,-2) (5,0,-1)
5 0.89 1.619 (3,2,-3) (5,1,-3) (1,-3,-5) (0,-2,-4) (4,1,-4) (5,5,1)
6 0.83 1.477 (3,2,-4) (6,1,-4) (2,-3,-4) (0,-1,-2) (4,1,-6) (5,2,0)
6 0.92 1.359 (4,3,-4) (4,0,-3) (-1,-2,-4) (0,-3,-6) (5,2,-2) (6,4,3)
6 0.96 1.433 (3,2,-4) (5,0,-5) (2,-1,-3) (0,-1,-2) (6,1,-5) (6,2,-4)
6 0.97 1.242 (4,3,-5) (5,-2,-4) (1,-1,-3) (0,-2,-4) (6,2,-3) (4,2,1)
6 0.99 1.552 (2,2,-3) (6,0,-4) (2,-1,-5) (0,-1,-2) (5,1,-6) (4,2,0)
TABLE IV. The best fit solutions for each |Xmax| ≤ 6 in the case with three generations of RH
neutrinos. We also give inequivalent solutions for which χ2min/n ≤ 1. For |Xmax| = 4, no new
better solution is found.
list the best fit solution or the solutions with minimised χ2/n ≤ 1 for each |Xmax| ≤ 10
(|Xmax| ≤ 6) in the case without (with) RH neutrinos. For |Xmax| = 5, 6, 7, 8, 10 in Table
III and |Xmax| = 4 in Table IV, we do not find new solution other than already obtained for
the smaller |Xmax| in the respective cases. For relative comparison, it may be noted that we
obtain χ2min ∼ 630 for XF = 0. The non-zero U(1)F charges improve the χ2min substantially
allowing more realistic description of fermion mass hierarchies in the underlying framework.
The noteworthy features of the obtained solutions are:
• All the best fit solutions in Table III correspond to trXF = 0 for each F . The first
solution also satisfies Eq. (22) and it is result of SU(5) compatible choice of XF as
discussed in the previous section.
• For the solutions corresponding to |Xmax| ≥ 2 in Table III, the U(1)3F AC is arranged
by more general condition than Eq. (22). All these solutions restrict second and third
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generations of U c to get localised on the SM brane. In this case, the hierarchy between
the charm and top mass arise mainly from XQ, and one obtains mc/mt ∼ θq23, which
is not in complete agreement with the data.
• The presence of RH neutrinos allow more freedom for anomaly cancellation and does
not enforce trXF = 0 for the best fit solutions corresponding to |Xmax| ≥ 2 as can be
seen from Table IV. This leads to considerable improvements in the χ2min.
• All the solutions with |Xmax| ≥ 2 in Table IV imply second and third generations of
L localised on the SM brane and the first generation with a flat profile. These lead to
feeble hierarchy in neutrino masses and O(1) mixing angles in the leptonic sector.
• For most of the solutions corresponding to χ2min/n ≤ 1, one obtains the first and second
generations of Q, U c and Ec localised on the y = piR brane while the second and third
generations of Dc live very close to the SM brane. These altogether lead to hierarchical
charged fermion masses and quark mixing.
From the obtained solutions, predictions for the hierarchies in the light and heavy neutrino
masses can be inferred. We do this by choosing the elements of Yν from a random flat
distribution of numbers between 0.1 and 1 and XL from Table IV for six best fit solutions.
Substituting them back in Eqs. (11,13), we compute the mν1/mν3 and mν2/mν3 . Similar
method is followed to determine the RH neutrino mass ratios mN1/mN3 and mN2/mN3 . The
results are displayed in Fig. 1. It can be seen that the RH neutrinos can be extremely
hierarchical with masses apart by 5 to 10 orders of magnitude. This arises from the fact
that the U(1)F charges of the RH neutrinos for which the best fit solutions are found are
widely separated and different from those of the other matter fields.
To show the compatibility of the best fit solutions with the experimental data, we give
an explicit example of O(1) parameters for the solution corresponding to χ2min/n = 0.7 from
Table IV in Appendix A. The elements of Yf are determined such that they reproduce
the exact values of fermion masses and mixing angles. After all the stochastic parameters
are specified, one can determine Mc/Λ and tan β from the absolute values of mt and mb,
respectively. This in turn also allows determination of the absolute mass scale of light as well
as heavy neutrinos. The later is linked with the light neutrino mass scale through the type-I
seesaw mechanism. The CP violation in both the quark and lepton sectors come entirely
from O(1) parameters and no specific prediction can be made for them. We find that one
can obtain their desired values by appropriately choosing O(1) parameters consistent with
the other flavour observables. We show these features for an explicit example given in the
Appendix.
For the numerical analysis presented in this paper, we use the fermion masses and mixing
data extrapolated at 10 TeV. We do not consider supersymmetric threshold corrections which
require complete specification of SUSY breaking sector and scale. However, we expect the
results would not change drastically for the other matching scale and/or after inclusion
of threshold corrections. Although absolute values of fermion masses are sensitive to such
12
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FIG. 1. Predictions for the light (νi) and heavy (Ni) neutrino mass ratios for some of the best fit
solutions listed in Table IV. The stochastic parameters are chosen randomly from flat distribution
of numbers between 0.5 and 1.
details, the mass ratios and mixing angles we use in the above analysis are mildly sensitive to
them. One may expect at most O(1) effects from these uncertainties which can be adjusted
through yet unspecified stochastic parameters.
VI. PHENOMENOLOGICAL IMPLICATIONS
Presence of an extra gauged U(1)F under which the SM fermions are non-trivially charged
implies existence of new gauge interaction for the quarks and leptons. This is mediated by
the KK modes of vector field Vµ(x, y) residing in the vector superfield V . One determines
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from 5D action, Eq. (1), the following KK expansion:
Vµ(x, y) =
√
1
piR
Z ′µ(x) +
∞∑
n=1
√
2
piR
cos
(ny
R
)
V nµ (x) , (31)
where the massless mode is identified as Z ′ boson. Z ′ can be made massive by introducing a
pair of chiral superfield, Φ± charged under the U(1)F on y = 0 brane. Spontaneous breaking
of U(1)F on the SM brane through the VEVs of scalars in Φ± then leads to
M2Z′ = g
′2 (〈φ+〉2 + 〈φ−〉2) , (32)
where g′ = g5/
√
piR. The masses of higher KK modes, V nµ , are then given by M
2
n =
M2Z′ + n
2/R2.
The neutral current interactions of the SM fermions with Z ′ can be obtained from a term
in S5:
S5 ⊃
∫ piR
0
dy
∫
d4x
∫
d4θF ie2g5qVFi ⊃
∫
d4x g′Z ′µXFi f¯iγ
µfi (33)
where f = q, l, uc, dc, ec and nc. The corresponding U(1)F charges can be read from the
respective solutions given in Table III or IV. In the physical basis, we obtain
XFi f¯iγ
µfi = (XˆuL)ij u
′
Liγ
µu′Lj + (XˆdL)ij d
′
Liγ
µd′Lj
+ (XˆeL)ij e
′
Liγ
µe′Lj + (XˆνL)ij ν
′
Liγ
µν ′Lj + L→ R , (34)
where,
XˆuL = U
†
uL
XQ UuL , XˆuR = −U †uR XUc UuR ,
XˆdL = U
†
dL
XQ UdL , XˆdR = −U †dR XDc UdR ,
XˆeL = U
†
eL
XL UeL , XˆeR = −U †eR XEc UeR ,
XˆνL = U
†
νL
XL UνL , XˆνR = −U †νR XNc UνR . (35)
Various matrices Uf appearing in the above relate the flavour basis f with physical basis f
′
as f = Uf f
′. They can be determined after the stochastic parameters are fully specified.
Since all the fermions are charged under U(1)F as required by realsitic fermion mass
hierachies as well as the fact that the couplings are flavour non-universal, the mass of Z ′
is subject to very stringent constraints coming from the direct searches and flavour physics
experiments. The strongest direct search constraints come from production of Z ′ through
bottom-quark pair annihilation folllowed by its decay into pair of tau or top quarks at the
LHC. Using this, MZ′ upto 1.7 (2.2) TeV is excluded by CMS [39] (ATLAS [40]) for g
′ >∼ 1.
These constraints are more or less indpendent of the flavour structure and mildly depend on
the diagonalizing matrices Uf appearing in Eq. (35). More stringent, but flavour structure
dependent, limit on Z ′ comes from Bs-Bs mixing. Following [41, 42], the current 2σ limit
from Bs mixing implies MZ′ >∼|(XˆdL)23|× 194 TeV for g′ ' 1. For an example solution given
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in the Appendix A, we find |(XˆdL)23| = 0.13 and hence MZ′ >∼ 26 TeV. This constraint is
however considerably depends on the choice of stochastic parameters which is not unique
even for the given set of U(1)F charges.
Even though MZ′ may be strongly constrained from the various experimental observables,
and so is Mc > MZ′ , the explanation of fermion mass hierarchies within the proposed
framework does not depend on the precise value of MZ′ or Mc. The parameter which enters
in the effective Yukawa couplings is Mc/Λ, and we obtain Mc/Λ ' 10−2 for the couplings
Yf ' O(1) which decides the cut-off scale of the theory once the compactification scale is
specified. Another independent scale in theory is the scale of N = 1 SUSY breaking, namely
MS, which can be >∼ O(10) TeV considering various existing constraints on the super-
partners of the SM particles. While Mc and MS can be raised all the way up to the GUT or
Planck scale without losing the proposed mechanism of generating flavour hierarchies, their
existence at low energies would be desired for stabilization of the electroweak scale.
VII. SUMMARY
It is well-known that the hierarchical Yukawa couplings in the SM can originate from more
fundamental theories with O(1) couplings constructed in higher spacetime dimension(s).
The bulk mass parameter decides localization of massless mode of fermion in the extra
dimension and in this way explains the smallness of its Yukawa coupling with the brane
localised Higgs field. The bulk mass parameter can be adjusted to get desired coupling in
this case and it is possible to explain the observed fermion masses and mixing angles. In
this paper, we discuss a framework in which the various bulk mass parameters of the SM
fermions are not arbitrary but they arise in a very restrictive manner.
The 5D framework uses supersymmetric gauged U(1)F symmetry under which the SM
fermions and three generations of the so-called right-handed neutrinos are non-trivially
charged. Supersymmetry allows only the gauge interactions in the fifth dimension. The
bulk mass parameters of all fermions arise from a vacuum expectation value of the N = 2
superpartner of U(1)F gauge field and are proportional to their U(1)F charges. Orbifold
compactification breaks N = 2 supersymmetry down to N = 1 on the 4D fixed points,
one of which hosts the SM gauge and Higgs fields. The requirement from gauge anomaly
cancellation severely restricts U(1)F charges, and in turn predicts correlations between the
mass hierarchies of the SM fermions. We discuss such correlations analytically and perform
an extensive numerical search to find solutions compatible with the observed fermion mass
spectrum. Several viable solutions are found which are in excellent agreement with the data.
These solutions are listed and discussed in detail in section V.
We find that the RH neutrinos play a significant role in offering anomaly-free solutions
for U(1)F charges of the SM fermions which lead to realistic quark and lepton masses and
mixing angles. The U(1)F charges of RH neutrinos fixed in this way also predict their
inter-generational mass hierarchies. It is found that the RH neutrinos can even be more
hierarchical than the charged fermions. The model also predicts the existence of Z ′ boson,
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which mediates flavour violating interactions in both the quark and lepton sectors in general.
However, the mass of Z ′ and the value of the compactification scale do not depend on fermion
mass observables and, therefore, cannot be determined unambiguously. A lower bound on
these scales can be put from the direct searches and flavour observables.
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Appendix A: Stochastic parameters for the best fit solution
We give an explicit example of values of O(1) parameters in Yf , f = u, d, e, ν, which
reproduce the realistic fermion mass spectrum. For the best fit solution corresponding to
χ2 = 0.7 in Table IV, the ξF matrices, as defined in Eq. (11), are obtained as:
ξQ = Diag.
(
2.824× 10−2, 0.209, 3.062) ,
ξUc = Diag.
(
2.824× 10−2, 0.209, 3.749) ,
ξDc = Diag. (0.209, 1.0, 3.749) ,
ξL = Diag. (1.0, 2.175, 3.062) ,
ξEc = Diag.
(
3.321× 10−3, 0.209, 3.062) ,
ξNc = Diag.
(
3.955× 10−5, 1.0, 2.175) . (A1)
For the above, we optimize the stochastic parameters, with constraint 0.1 ≤ |(Yf )ij| ≤ 1,
such that they reproduce the observed fermion mass spectrum. We also assume symmetric
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Yf for simplicity. In this way, the determined values of these parameters are:
Yu =
 −0.3249 + 0.3661i 0.3394 + 0.2392i 0.15 + 0.1778i0.3394 + 0.2392i −0.646− 0.0005i 0.023 − 0.1268i
0.15 + 0.1778i 0.023 − 0.1268i −0.3089 + 0.6353i
 ,
Yd =
 −0.0993 + 0.0174i 0.0815 + 0.1363i 0.0579 + 0.0946i0.0815 + 0.1363i 0.1609 − 0.0722i −0.1− 0.0008i
0.0579 + 0.0946i −0.1− 0.0008i −0.005 + 0.149i
 ,
Ye =
 −0.0991− 0.0763i 0.0581 + 0.1073i −0.1025 + 0.0155i0.0581 + 0.1073i −0.2084− 0.0017i −0.1017 + 0.0808i
−0.1025 + 0.0155i −0.1017 + 0.0808i −0.1218 + 0.0076i
 ,
Yν =
 −0.8802− 0.4746i −0.0651 + 0.7028i 0.2849 + 0.5176i−0.0651 + 0.7028i −0.4633 + 0.0007i −0.6934 + 0.3762i
0.2849 + 0.5176i −0.6934 + 0.3762i 0.1486 + 0.6189i
 . (A2)
The above values when substituted in Eqs. (10,13) reproduces the exact central values of
the charged fermion mass ratios, quark and lepton mixing angles as listed in Table I and solar
and atmospheric neutrino squared mass differences as listed in [28] for the normal ordering.
The CP violating phases in the quark and lepton sector are obtained as δCKM = 1.208 and
δPMNS = −0.262, respectively which are in agreement with the current global fits.
Specification of stochastic parameters allows one to compute tan β, Mc/Λ from mb and
mt and to estimate Λ
′ from the atmospheric neutrino scale. Λ′ determines the mass of the
lightest neutrino in this setup. These are obtained as
tan β = 13.9 ,
Mc
Λ
= 0.098 , Λ′ = 5.7× 1014 GeV , mν1 = 0.008 eV , (A3)
where we use 〈Hu〉2 + 〈Hd〉2 = (174 GeV)2. Note that the above predictions are sensitive to
the exact values of O(1) parameters. They vary for different choice of stochastic parameters
even for the fixed U(1)F charges and c.
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